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We present first results of resumming soft gluon effects in a simulation of high energy collisions
beyond the leading-colour approximation. We work to all orders in QCD perturbation theory using
a new parton branching algorithm. This amplitude evolution algorithm resembles a parton shower
that is able to systematically include colour-suppressed terms. We find that colour suppressed terms
can significantly contribute to jet veto cross sections.
Introduction – We present first results from a new
Monte Carlo code, CVolver, that simulates high-energy
particle collisions [1]. Our analysis here is based upon
simulated two-jet events and our goal is to improve on
the accuracy of existing simulations [2–5] by including
colour correlations beyond the leading-colour approxima-
tion. To do so we pursue a new paradigm of evolution
at the amplitude level in place of the traditional proba-
bilistic algorithms (see also [6–11]). In the next section
we introduce the theoretical framework, with particular
emphasis on our treatment of colour. In the following
section, we present results for the cross section for the
production of a two-jet system with a restriction on the
amount of radiation lying in some angular region out-
side of the jets. This process is sensitive to wide-angle,
soft-gluon emission and thus provides a good test of the
framework. We observe significant deviations from the
leading-colour approximation.
Summing soft-gluon effects – Particle collisions involv-
ing coloured particles and a large transfer of momen-
tum, Q, are computable using perturbative QCD. How-
ever, fixed-order perturbation theory is often insufficient
due to the presence of large logarithms that compensate
the smallness of the perturbative coupling, αs. In other
words, there exist terms of order αnsL
m where L is some
large logarithm and m ≤ 2n. Large logarithms can arise
if gluons are emitted with a low energy compared to the
large momentum transfer, and if the observable is sensi-
tive to those emissions. We refer to these as soft-gluon
logarithms and, in [8], we presented an iterative algo-
rithm for summing them to all orders in perturbation
theory for general short-distance scattering processes. In
this paper, we will sum the most important of these log-
arithms, though the framework is general enough to go
beyond this ‘leading logarithmic approximation’. The
formalism can be extended to also include logarithms of
collinear origin [9, 12]. The differential cross section for
n soft-gluon emissions can be written
dσn = TrAn dΠn , (1)
where the operators An satisfy the recurrence relation
An(E) = VE,EnD
µ
n An−1(En) D
†
nµV
†
E,En
Θ(E ≤ En),
(2)
where Θ(E ≤ En) is the Heaviside function. The virtual-
gluon (Sudakov) operator sums over all single-gluon ex-
changes between pairs of partons. For two-jet production
off a colour singlet (e.g. V → qq¯ or H → gg) it is given
by [13]
Va,b = exp
[
− αs
pi
ln
(
b
a
) ∑
i<j
(−Ti ·Tj)
×
∫
dΩ
4pi
ni · nj
(ni · n) (nj · n)
]
,
(3)
where ni is a light-like vector whose spatial part is the
unit vector in the direction that particle i travels. The
integral is over the direction of the light-like vector n
and, for now, we take αs to be fixed. The real emission
operator and phase-space factor are
Dµi =
∑
j
Tj Ei
pµj
pj · qi and
dΠn =
n∏
i=1
(
−αs
pi
dEi
Ei
dΩi
4pi
)
. (4)
Note that the sum over partons in the definitions of
Va,b and D
µ
i is context-specific, i.e. it runs over all
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FIG. 1. An example of an amplitude decomposed in the
colour flow basis.
prior soft-gluon emissions in addition to the partons in
the original hard scattering. The colour charge oper-
ator, Tj , is also in a context-specific representation of
SU(3)c. Soft-gluon evolution proceeds iteratively start-
ing from a hard-scattering operator, H = |M〉〈M| with
A0(E) = VE,QHV
†
E,Q. A general observable, Σ, can be
computed using
Σ(µ) =
∫ ∑
n
dσn un(k1, k2, · · · , kn) , (5)
where the un are the observable dependent measurement
functions and the ki are soft-gluon momenta. We sup-
press the dependence on the hard partons and integration
over their phase space. Although we assume energy or-
dering, this is not essential and the algorithm can readily
be adapted to account for a different ordering variable.
We should take the limit µ → 0 in Eq. (5), though it
is also correct to put µ = Q0 if the observable is fully
inclusive over gluon emissions with E < Q0.
This iterative form of the algorithm is well suited to a
Monte Carlo implementation. The kinematic part of the
evolution is diagonal and does not pose any new prob-
lems. The main challenge is to account for the indepen-
dent colour evolution in the amplitude and the conjugate
amplitude. To do this we use the colour-flow basis, which
is illustrated in the case where the hard scattering pro-
cess is qq¯ → qq¯ in Fig. 1. We choose to draw all particles
in the amplitude as heading off to the left and negative
momenta indicate incoming particles. The particle with
incoming momentum p1 is an anti-quark, that with in-
coming momentum p2 is a quark whilst p3 and p4 label
an outgoing quark and an outgoing anti-quark respec-
tively. In the colour-flow basis, quarks and anti-quarks
are represented by colour and anti-colour lines (an incom-
ing quark is represented by an anti-colour line), whilst
gluons are represented by a pair of colour and anti-colour
lines. A basis vector in the colour space is then repre-
sented by stating how the colour and anti-colour lines
are connected. We see this on the right-hand side of
Fig. 1. In the first term, the incoming anti-quark is colour
connected to the outgoing anti-quark and the incoming
quark is colour connected to the outgoing quark. The
second term is the only other possibility for two colour
lines and corresponds to the case where the incoming
quark is colour connected to the incoming anti-quark.
Our convention is to write amplitudes such that Fig. 1
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FIG. 2. One contribution to the A1 operator, starting from
the hard scattering illustrated in Fig. 1. It corresponds to sin-
gle gluon emission with two virtual gluon exchanges. The ver-
tical dotted lines are to help identify the intermediate colour
states. The algorithm works iteratively outwards, starting
from the hard process in the middle and multiplying matrix
elements as it goes.
corresponds to
|M〉 = α |21〉+ β |12〉 . (6)
A general state consisting of n colour lines has a basis of
dimension n! corresponding to all possible permutations
of the numbers (1, 2, · · · , n). We normalize the basis vec-
tors so that
〈α|β〉 = Nn−#(α,β)c , (7)
where #(α, β) is the minimum number of pairwise swaps
by which the permutations α and β differ, e.g. 〈12|12〉 =
N2c and 〈12|21〉 = Nc. This basis is over-complete and
not orthogonal but is very simple to implement and pro-
vides excellent opportunities for importance sampling.
We introduce a dual basis, |α], such that 〈α|β] = [α |β〉 =
δαβ , where δαβ is unity if the two permutations are equal
and zero otherwise. Also,
∑
α |α〉 [α| = 1. The trace in
Eq. (1) is then computed using
TrAn =
∑
σ,τ
[τ |An|σ] 〈σ|τ〉 . (8)
Fig. 2 illustrates how we Monte Carlo over intermedi-
ate colour states by inserting the unit operator between
successive real emission and virtual correction operators.
We select initial colour flows, σ and σ¯, and compute the
corresponding hard scattering matrix [σ|H|σ¯]. Then we
choose the momentum of the first real emission and, in
anticipation of inserting Sudakov operators that act on
the amplitude and the conjugate (they evolve from the
hard scale Q down to the energy of the emitted gluon,
E1), we choose two new colour flows, τ and τ¯ , from the
set of all possible colour flows that can be accessed after
the action of a Sudakov operator (see below). We then
multiply the original hard scattering matrix element by
3the corresponding Sudakov matrix elements. The colour
states ρ and ρ¯ are chosen next, from the set of all possible
permutations accessible after the emission of a gluon and
these are used to deduce the corresponding real emission
matrix elements. This whole process repeats until the
evolution terminates and the final product of matrix el-
ements must be further multiplied by the scalar product
matrix, 〈σm|σ¯m〉, where m labels the final colour flows.
This induces a 1/Nc suppression factor for every swap by
which the final permutations σm and σ¯m differ.
Eq. (2) can be re-written explicitly in terms of matrix
elements such that one step in the evolution is determined
by
Mρρ¯(E) = −αs
pi
dE
E
dΩ
4pi
∑
τ,σ
τ¯ ,σ¯
[ρ|DE |τ〉 [τ |VE,E′ |σ〉
Mσσ¯(E
′) 〈σ¯|V†E,E′ |τ¯ ] 〈τ¯ |D†E |ρ¯], (9)
where E is the energy of the latest emission and E′ is
the previous energy. This expression is the core of our
implementation and it provides a map from a pair of
colour flows (σ, σ¯) to the pair (ρ, ρ¯).
Calculating the effect of real emission matrix elements
and virtual gluon corrections involves computing matrix
elements [τ |Ti |σ〉 and [τ |Ti ·Tj |σ〉. Explicit expressions
for these are presented in [8]. For the real emissions, the
calculations are simplified since the real emission opera-
tor can either: (a) add a new colour line without changing
any of the existing colour connections or (b) add a new
colour line and then make a single swap. In the case
that the gluon is emitted off a colour line this swap con-
nects the colour of the emitted gluon to the anti-colour
partner of the emitter (and likewise if the gluon is emit-
ted off an anti-colour line). Taken together, a real emis-
sion in the amplitude and the conjugate amplitude only
changes the number of swaps by which the two colour
flows (in the amplitude and conjugate) differ by at most
two. Specifically, 0 ≤ #(σn+1, τn+1) − #(σn, τn) ≤ 2.
This means that real emissions never bring the two colour
flows ‘closer together’. ‘Singlet’ gluons, as emitted in case
(a), are subleading in colour and inert from the point of
view of the subsequent evolution. The simplicity of the
real emissions means we do not need to make any ap-
proximation when computing them.
The main challenge is to compute the Sudakov matrix
elements, [τ |V |σ〉, which involves the exponentiation of
a possibly large colour matrix. The evaluation can be
considerably simplified if we are prepared to sum terms
accurate only to order 1/Ndc , where d is a positive integer,
while keeping the leading diagonal terms proportional to
(αsNc)
n to all orders n. Choosing larger values of d will
lead to more accurate results that take a longer time to
compute. To do this we use the result presented in [14]:
[τ |V |σ〉 ≈ δτσR({σ}) +
d∑
l=1
(
− 1
Nc
)l ∑
σ0,σ1,···σl
δτσ0δσlσ
×
l−1∏
α=0
Σσασα+1 R({σ0, σ1, · · · , σl}) . (10)
The anomalous dimension matrix elements are
[τ | lnV |σ〉 =
(
Nc Γσ +
ρ
Nc
)
δτσ + Στσ . (11)
Explicit expressions for Γσ, ρ and Σστ can be com-
puted using the results presented in [8, 14]. Note that
the off-diagonal contribution, Στσ, is only non-zero if
#(σ, τ) = 1. In other words, each virtual gluon exchange
can either leave a colour flow unchanged or induce a sin-
gle swap. Exponentiating this to produce the Sudakov
operator generates the possibility of many swaps but this
can be managed since each swap comes at the price of a
factor 1/Nc. This is what allows us to truncate the sum
in Eq. (10) at a small value of d. We refer to d = 0 as our
leading colour virtuals (LCV ) approximation and d = 1
as next-to-leading (NLCV ) etc. The kinematic functions
R appearing in Eq. (10) are also listed in [14]. In the
case d = 0, we only need
R({σ}) = e−NcΓ′σ , (12)
where Γ′σ = Γσ−ρ/N2c . Keeping only this term generates
the leading colour approximation, improved by summing
the colour-diagonal subleading parts [15]. For d = 1 we
also need
R({τ, σ}) = e
−NcΓ′τ − e−NcΓ′σ
Γ′σ − Γ′τ
(13)
so that the NLCV Sudakov matrix elements are
[τ |V |σ〉 = δτσe−NcΓ′σ − 1
Nc
ΣτσR({τ, σ}). (14)
Notice that our NdLCV approximation involves at most
d swaps for each application of the Sudakov operator,
which makes the task of Monte Carloing over accessi-
ble colour states tractable. It should be emphasised
that since we treat the real emissions, the scalar prod-
uct matrix and the diagonal part of the anomalous di-
mension matrix without any approximation, our leading-
colour approximation goes well beyond summing only
the strictly leading (m = 0) terms in an expansion in
(Ncαs)
n/Nmc , see also [16] for a recent discussion.
One stringent test of the algorithm is that it should cor-
rectly handle the cancellation of collinear singular terms.
We deal with the collinear region by cutting out small
cones around every real emission. Specifically, we im-
pose that n · ni,j > λ for emission off the ij pair. Corre-
spondingly, for the loop integrals we regulate using the
4replacement
ni · nj
ni · nnj · n → (15)
ni · nj
n · ni + n · nj
(
Θ(n · ni − λ)
n · ni +
Θ(n · nj − λ)
n · nj
)
.
After integrating over solid angle,∫
dΩ
4pi
ni · nj
n · ni + n · nj
(
Θ(n · ni − λ)
n · ni +
Θ(n · nj − λ)
n · nj
)
(16)
≈ ln ni · nj
λ
,
and the only approximation is to disregard terms sup-
pressed by powers of the cutoff λ. Since the lnλ term
in (16) is independent of i and j we could exploit colour
conservation to write∑
i<j
(−Ti ·Tj) = 1
2
∑
i
T2i , (17)
which is colour diagonal. This leads to the well-known
result that the collinear region has trivial colour and it
means that all of the collinear cutoff dependence is in the
abelian sector [9].
To perform the evolution efficiently, we use the Su-
dakov veto algorithm with competition [17, 18] in order
to select the energy of each emitted gluon. Specifically,
for each ordered pair (ij) we compute an energy Eij ac-
cording to the distribution
dPij(E) =
dEij
Eij
ξijΩij exp
(
− ln E
Eij
ξijΩij
)
, (18)
where
Ωij =
αs
2pi
ln
ni · nj
λ
(19)
and
ξij =
∑
ρ′,ρ¯′
〈ρ′|ρ¯′〉
〈τ |τ¯〉
∣∣∣[ρ′|Ti |τ〉 〈τ¯ |Tj |ρ¯′]∣∣∣. (20)
The energy of the previous emission is E and that of the
current emission is E′ = max({Eij}, µ). The colour flows
prior to the emission are τ and τ¯ . The corresponding pair
(ij) are the parent partons of the emission, the knowledge
of which allows us to select a direction for the emitted
gluon. The colour flows after the emission are selected
from the distribution
P (ρ, ρ¯) =
1
ξij
〈ρ|ρ¯〉
〈τ |τ¯〉
∣∣∣[ρ|Ti |τ〉 〈τ¯ |Tj |ρ¯]∣∣∣. (21)
This choice of ξij helps steer the evolution along the most
important trajectories in colour space.
Results – We consider the production of either a qq¯
pair or a pair of gluons (gg), with total energy 2Q in
their zero momentum frame (ZMF). We refer to these
as V → qq¯ (production off a colour singlet gauge boson)
and H → gg (Higgs decay to gluons) though the cross
sections we present are independent of the details of the
initial state, so long as it is a colour singlet. One interest-
ing observable that is sensitive to wide-angle, soft-gluon
production in events with two primary jets is the ‘jet
veto’ cross section, in which one vetoes events that have
one or more particles radiated into some fixed angular
region with energy greater than some value, Q0. Like
most non-global observables, the summation of even the
leading logarithms with full colour accuracy has not yet
been achieved [19]. We will show results using CVolver
for events with a veto on particle production in the cen-
tral region (−pi/4 < θ < pi/4) in the ZMF of the primary
two-jet system. For qq¯ production we take |M〉 = |1〉,
corresponding to a single colour connection, and for gg
production we take |M〉 = |21〉−|12〉 /Nc. We denote the
corresponding veto cross section Σ(ρ) where ρ = Q0/Q,
i.e. the inclusive cross section is Σ(1) = TrH = Nc for
qq¯ production and Σ(1) = N2c − 1 for gg production.
Figures 3 and 4 show the veto cross section depen-
dence on ρ for different gluon multiplicities up to n = 3
in H → gg. We present results for d = 0 (LCV ) and
d = 2 (NNLCV ). In the cases we consider here the dif-
ferences between d = 1 and d = 2 are always less than
1%. Also shown are the strictly leading-colour results,
LCV+R, which are composed of the N
kmaxn
c contribution
in Eq. (22) below, with Σ
(kmaxn )
n calculated in the d = 0
approximation. Finally, we show the breakdown in terms
of the different powers of Nc that contribute. Specifically,
we consider
Σn =
kmaxn∑
k
Nkc Σ
(k)
n , (22)
where kmaxn = n+1 for qq¯ production and k
max
n = n+2 for
gg. The coefficients Σ
(k)
n include Sudakov R-factors, such
as Eq.(12) and Eq.(13), whose exponents are given by
the diagonal entries in the anomalous dimension matrix.
This is not a strict expansion in powers of Nc. Rather it
keeps track of 1/Nc, off-diagonal suppression that occurs
in the hard scattering matrix, the scalar product matrix
(〈α|β〉), the real emission operators and the successive
terms (indexed by l) in Eq.(10). The case n = 0 illus-
trates a peculiar feature of our LCV approximation for
H → gg: the non-vanishing at small ρ occurs because of
an unphysical N0c contribution that is present at d = 0
due to the subleading Nc terms in the scalar product and
hard scattering matrices: the strictly leading Nc contri-
bution corresponds to the well-behaved LCV+R curve,
which is equal to the k = 2 curve and is the same for
d = 0 and d = 2.
Figures 5 and 6, are the corresponding plots for the
V → qq¯ process. Here we use the notation d and d′ to
distinguish between exponentiating and not exponentiat-
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FIG. 3. The jet veto cross section in H → gg for different
gluon multiplicities (n = 0, 1). Also shown are the individual
contributions at each order of Nkc for d = 0 and d = 2. Solid
curves (except that labelled LCR+V ) always correspond to
d = 2 and the broken curves always correspond to d = 0. See
text for details.
ing the colour-diagonal ρ-term in the anomalous dimen-
sion matrix. Note that for n ≤ 1, the d′ = 0 result is
the exact result (as such, it is equal to the d′ = 2 result).
Finally, in Fig. 7, we show how the total cross section is
built up from different multiplicities. The differences be-
tween the full-colour (solid blue) curves and the leading
colour (LCV+R) ones are clearly significant. The appar-
ent success of our d′ = 0 approximation is interesting to
note, though we do not expect this to continue once we
consider more sophisticated hard processes.
Conclusions – This paper represents a major milestone
in a project to compute numerically full-colour evolu-
tion in perturbative QCD. The inclusion of subleading
colour effects will improve the accuracy of future sim-
ulation codes and, as a result, be of considerable value
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FIG. 4. The jet veto cross section in H → gg for different
gluon multiplicities (n = 2, 3). Also shown are the individual
contributions at each order of Nkc for d = 0 and d = 2. See
text for details.
to experimenters and theorists interested in performing
percent-level simulations for current and future colliders.
For the future, we intend to go beyond the soft approxi-
mation and include incoming hadrons.
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